Abstract. Let RL be the ring of real-valued continuous functions on a frame L. The aim of this paper is to study the relation between minimality of ideals I of RL and the set of all zero sets in L determined by elements of I. To do this, the concepts of coz-disjointness, coz-spatiality and coz-density are introduced. In the case of a coz-dense frame L, it is proved that the f -ring RL is isomorphic to the f -ring C(ΣL) of all real continuous functions on the topological space ΣL. Finally, a one-one correspondence is presented between the set of isolated points of ΣL and the set of atoms of L.
Introduction
In studying the ring C(X) of all real continuous functions on a topological space X, zero sets are a powerful tool, defined by Z(f ) = {x ∈ X : f (x) = 0}, for f ∈ C(X). For a frame L, the ring RL is defined as a pointfree version of C(X). In the pointfree topology, cozero elements are considered as a dual concept of zero sets. Cozero elements are defined by coz(α) = {α(p, 0) ∨ α(0, q) : p, q ∈ Q}, for α ∈ RL.
Recall that in [12] , considering the prime elements of a given frame L as pointfree points of L, the trace of an element α of RL on any point p of L is defined as a real number denoted by α [p] . Then the zero set of α is defined by Z(α) = {p ∈ ΣL : α[p] = 0}. The real number α [p] is defined by the Dedekind cut (L(p, α), U (p, α)), where L(p, α) = {r ∈ Q : α(−, r) ≤ p} and U (p, α) = {s ∈ Q : α(s, −) ≤ p}). Also, the map p : RL → R given by p(α) = α [p] is an f -ring homomorphism (Propositions 2.2, 2.4).
The main results of this paper are based on a theorem about the ring C(X) which gives some equivalent conditions regarding the minimality of an ideal I of C(X) as follows: Theorem 1.1 ([16] ). Let X be a completely regular space. The following are equivalent.
(1) I is a minimal ideal. In [9] , Themba Dube obtained a pointfree version of Theorem 1.1, by using coz [I] of RL instead of Z [I] of C(X) as follows:
Theorem 1.2 ([9]). An ideal I of RL is minimal if and only if coz[I] consists only of two elements.
From the cited theorem, it will follow that achieving equivalence between minimality of ideal I and the condition |Z[I]| = 2 is useful. For finding the equivalence, we require the equivalence of conditions |Z[I]| = 2 and | coz(I)| = 2. So, we need the equivalence coz(α) = coz(β) if and only if Z(α) = Z(β), for every α, β ∈ RL. In the Theorem 3.11, it is proved for a frame L, the following are evidently equivalent:
(1) L is coz-spatial.
(2) For every α, β ∈ RL, Z(α) = Z(β) if and only if coz(α) = coz(β).
Coz-disjoint frames are introduced in Section 3; also every completely regular frame is coz-disjoint (Proposition 3.5). In the coz-disjoint frame L, if P is a prime ideal of RL, then
In the last section, we study and analyze the three following conditions, without coz-spatiality, and with some other concepts like coz-disjointness, coz-density, and coz-spatiality.
(1) I is a minimal ideal. (1)⇒(2)⇒(3) are proved in Propositions 4.3 and 4.4 with the assumptions of coz-disjointness and coz-density. For (3)⇒(1), we suppose the concept of coz-density, which is weaker than weakly spatiality (Corollary 4.18).
In Proposition 4.17, it is proved that if L is a coz-dense frame then RL is isomorphic to a ring C(X) for some topological space X. In fact, RL C(ΣL) as two f -rings. In Corollary 4.22, we construct a one-one correspondence between the set of isolated points of ΣL and the set of atoms of L. The relations among coz-dense, coz-spatial, weakly spatial, spatial, coz-disjoint, and completely regular conditions are explained in Remark 4.23.
Preliminaries
We recall some basic notions and facts about frames and spaces. For further information see [4, 17] on frames and [14] on spaces.
A frame is a complete lattice L in which the distributive law x ∧ S = {x ∧ s : s ∈ S} holds for all x ∈ L and S ⊆ L. We denote the top element and the bottom element of L by and ⊥, respectively. The frame of open subsets of a topological space X is denoted by OX. A frame homomorphism (frame map) between frames is a map which preserves finite meets, including the top element, and arbitrary joins, including the bottom element.
An element x of a frame L is said to be:
The pseudocomplement of an element a of a frame L is the element
An element a of a frame L is said to be rather below an element b ∈ L, written a ≺ b, provided that a ∨ b = . On the other hand, a is completely below b, written a ≺ ≺ b, if there are elements (c q ) indexed by the rational numbers
We recall the contravariant functor Σ from Frm to the category Top of topological spaces which assigns to each frame L its spectrum ΣL of prime elements with
Recall from [4] that the frame L(R) of reals is obtained by taking the ordered pairs (p, q) of rational numbers as generators and imposing the following relations:
Note that the pairs (p, q) in L(R) and the open intervals p, q = {x ∈ R : p < x < q} in the frame OR have the same role; in fact there is a frame isomorphism λ : L(R) → OR such that λ(p, q) = p, q . In other word, L(R) is the frame generated by Q × Q with equations {R1, R2, R3, R4}, so we have the following lemma.
Lemma 2.1. Let f : Q × Q → L be a function satisfying the following relations:
Then there exists a unique frame map g :
The set RL of all frame homomorphisms from L(R) to L has been studied as an f -ring in [4] .
Corresponding to every continuous operation : Q 2 → Q (in particular +, ·, ∧, ∨) we have an operation on RL, denoted by the same symbol , defined by:
where (r, s) (u, w) ≤ (p, q) means that for each r < x < s and u < y < w we have p < x y < q. For every r ∈ R, define the constant frame map r ∈ RL by r(p, q) = , whenever p < r < q, and otherwise r(p, q) = ⊥.
The cozero map is the map coz : RL → L, defined by
For A ⊆ RL, we write Coz[A] to denote the family of cozero-elements {coz(α) : α ∈ A}. On the other hand, the family Coz[RL] of all cozero-elements in L will also be denoted, for simplicity, by Coz L. It is known that L is completely regular if and only if Coz(RL) generates L. For more details about the cozero map and its properties, which are used in this paper, see [4] .
Here we see the necessary notations, definitions, and results of [10] .
Proposition 2.2 ([10]). Let L be a frame. If p ∈ ΣL and α ∈ RL, then (L(p, α), U (p, α)) is a Dedekind cut for a real number, denoted by p(α).

Proposition 2.3 ([10]). If p is a prime element of a frame L, then there exists a unique map
By the following proposition,p is an f -ring homomorphism.
Proposition 2.4 ([10]). If p is a prime element of a frame L, then p : RL −→ R is an onto f -ring homomorphism. Also, p is a linear map with
Let L be a frame and p be a prime element of L. Throughout this paper for every f ∈ RL, we define
Recall [12] for α ∈ RL, 
In [15] , using the technique of sublocales, the authors present zero sublocales. A sublocale S of a frame L is a zero sublocale if it is of the form
as the right Galois adjoint of a frame homomor-
The zero sets used in this paper are different from the zero sublocales.
coz-disjointness and coz-spatiality
We introduce the concept of coz-disjoint for frames as follows:
Proposition 3.2 ([11]). If p is a prime element of a frame L and M
Lemma 3.3. Let L be a frame and p, q ∈ L be prime elements. The following statements are equivalent:
(2)p =q. The foregoing lemma gives directly the following corollary.
Corollary 3.4. Let L be a frame. The following statements are equivalent:
(1) L is a coz-disjoint frame.
We regard the Stone-Čech compactification of L, denoted βL, as the frame of completely regular ideals of L (for more details, see [5] ). We denote the right adjoint of the join map [7] ).
Proposition 3.5. Every completely regular frame is coz-disjoint.
Proof. Let p, q ∈ ΣL and M
. That is to say, r L (p) = r L (q), and hence p = q. Remark 3.6. The converse of Proposition 3.5 is not true. To see this, let L be a frame such that ΣL = ∅. Define a frame M = L ∪ { * } where * ∈ L and x < * for all x ∈ L. We have * is the top element of M , and L is the only prime element of M , so M is a coz-disjoint frame, but M is not regular, because for every x, y ∈ L, x * ∨ y = M . This means that x ≺ y. Strongly z-ideals in RL are introduced in [12] , and it is proved there that every strongly z-ideal of RL is a z-ideal. We define the concept of a coz-spatial frame and study the relation between coz-spatial frames and strongly z-ideals. Definition 3.9. Let L be a frame and I be an ideal of RL.
(1) I is called a z-ideal if for any α ∈ RL and β ∈ I,
Note that in studying the ring C(X), z-ideals play important role (for more details see [1, 2, 3, 14] ). Remark 3.10. Every spatial frame is coz-spatial, but the converse is not necessarily true. To see this, consider the frame M discussed in Remark 3.6. We have Coz(M ) = {⊥, * } and it is directly checked that M is coz-spatial. 
Proof. (1)⇒(2) Let I be a z-ideal. Suppose Z(α) ⊆ Z(β) and α ∈ I. Assume coz(β) ≤ coz(α). Since L is coz-spatial, there exists a prime element p ∈ L such that coz(β) ≤ p and coz(α) ≤ p. So p ∈ Z(α) and p ∈ Z(β). This contradiction shows that coz(β) ≤ coz(α).
Since I is a z-ideal and α ∈ I, β ∈ I. Therefore I is a strongly z-ideal.
(2)⇒(1) Suppose coz(α) ≤ coz(β). Let I = {γ ∈ RL : coz(γ) ≤ coz(β)}. Then, I is a z-ideal such that β ∈ I and α ∈ I. By hypothesis I is a strongly z-ideal. Hence Z(β) ⊆ Z(α). So there is p ∈ ΣL such that p ∈ Z(β) and p ∈ Z(α), and so coz(β) ≤ p and coz(α) ≤ p. Therefore L is coz-spatial.
(1)⇒(3) Suppose Z(α) = Z(β). If coz(α) ≤ coz(β), since L is coz-spatial, there exists p ∈ ΣL such that coz(α) ≤ p and coz(β) ≤ p, hence Z(α) = Z(β) and obtain a contradiction. Therefore coz(α) = coz(β). (3)⇒(1) Suppose coz(α) ≤ coz(β). If Z(β) ⊆ Z(α), we have Z(αβ) = Z(α), and hence coz(αβ) = coz(β). Thus coz(α) ≤ coz(β), which is a contradiction. So Z(β) ⊆ Z(α)
, that is to say, there exist p ∈ ΣL such that coz(α) ≤ p and coz(β) ≤ p. Therefore L is coz-spatial.
The next corollary can easily be deduced from Theorems 1.2 and 3.11.
Corollary 3.12. Let L be a coz-spatial frame. An ideal I of RL is minimal if and only if Z[I] consists only of two elements.
For every α ∈ RL, we put M α = {β ∈ RL : Z(α) ⊆ Z(β)}. One can easily conclude the following proposition. 
Proof. (⇒) It is clear that p ∈ Z(α). Let q ∈ Z(α). If
The converse is obvious. Because coz-spatiality is rather strong, in this section the following three conditions are studied, using coz-disjoint and coz-density.
Proposition 3.15. Let L be coz-disjoint. For α ∈ RL, M α is a prime ideal if and only if there exists
p ∈ ΣL such that M α = M p .
Proof. (⇒) By Proposition 3.14, it is enough to show that
(1) I is a minimal ideal. We recall that a ring A is reduced if it has no nonzero nilpotent element. It is easy to check that for every frame L, RL is reduced. In a reduced ring A, every minimal ideal is generated by an idempotent element.
Recall [11] that L is weakly spatial if x = , whenever Σ x = ΣL.
Remark 4.2.
(1) Every coz-spatial frame is coz-dense. To see this, let
(2) Every weakly spatial frame is coz-dense (see Lemma 3.5 in [12] ). 
where p, q = {x ∈ R : p < x < q}. Then, we have the following lemma. 
Hence f : L(R) → L is a frame map.
Proof. By Lemma 2.1, it is obvious. Proof. Let f , g ∈ C(ΣL) and ∈ {+, ·, ∨, ∧} be an operation. We prove that f g = f g. Let r, s ∈ Q and t, u v, w ⊆ r, s . Then
Proposition 4.13. Let L be a frame and f : ΣL → R be a continuous function,
Hence, for every q ∈ Σ a , f (q) = 0. Thus p ∈ Σ a , and so a ≤ p.
Notation 4.14. Let p ∈ ΣL be an isolated point. We define
It is clear that χ
Lemma 4.15. Let L be a frame and p ∈ ΣL be an isolated point. Then
(1) p is an idempotent element of RL.
Proof.
(1) By Proposition 4.7, The approach used in the proof of Theorem 4.19 is similar to the proof of Theorem 1.1. This approach enables us to introduce the new concepts of coz-disjointness, coz-spatiality and coz-density, and find a relation between the rings RL and C(ΣL). These concepts can be useful in further research; for example, by coz-density, we present a description of the socle of the ring RL based on minimal ideals of RL and zero sets in pointfree topology (for more details, see [13] ).
For any = a ∈ L, the set R(a) = {α ∈ RL : coz(α) ≤ a} is an ideal of RL. Let L be a completely regular frame. An ideal of RL is minimal if and only if it is of the form R(a), for some atom a of L ([9, Lemma 3.4]). Proof. Suppose that ΣL − {p} = ΣL − {q} = a. If p = q, then p ∈ ΣL − {q}. So a ≤ p. Thus ΣL = p∧ ΣL−{p} = a, and hence a ≤ r for all r ∈ ΣL, Since L is coz-dense, a = 0, which is a contradiction. This proves that the correspondence is one-one. It suffices to prove ontoness. Let a be an atom. Then, by Proposition 4.21, there is an isolated point p ∈ ΣL such that {q ∈ ΣL : a ≤ q} = ΣL − {p}, and so a ≤ ΣL − {p} = b. By Proposition 4.20, b is an atom. Therefore a = b = ΣL − {p}.
Remark 4.23. Here, we explain the relations among coz-spatial, coz-dense, coz-disjoint, weakly spatial, spatial and completely regular conditions. By Remark 3.10, being spatial implies being coz-spatial (weakly spatial) and, by Remark 4.2, being coz-spatial (or weakly spatial) implies being coz-dense. None of the conditions (coz-spatial, weakly spatial, and coz-disjoint) can imply either being spatial or completely regular. Also, by Proposition 3.5, completely regular implies coz-disjoint. Finally, coz-spatial does not imply weakly spatial. To see this, let L and M be two frames such that L ∩ M = ∅ and ΣL = ΣM = ∅. Let K = L ∪ M . For every x ∈ L and y ∈ M define x < y. So K is a frame such that ΣK = { L } and coz(K) = {⊥ = ⊥ L , = M }. Then, K is not weakly spatial, but it is coz-spatial.
